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Individualized Learning in Mathematics Education 

The Basic Insight 

We have entered a new era in education. The confluence of high technology, accountability, and a desire 

to treat each child as having unique aptitudes, skills, challenges, and gifts has made it possible and has 

shown the urgency now to teach to the individual child. Not to teach in some abstract way, but really and 

truly to teach to the individual child. 

In the old days, we used to say that no child should be left behind. It is true that no child should be left 

behind or held back. But the solutions of the last two decades are still struggling to address with sufficient 

clarity, why were children left behind in the first place? 

Individualized learning arose as a desire to understand precisely this question. So, if we may, allow us to 

reintroduce the concept in a way that emphasizes what this tradition is really about. There are a lot of 

buzzwords related to individualized learning, but in the learning sciences, the notion of teaching to the 

individual has a strong basis in academic theory and research. We explicitly draw on these traditions. 

Before the widespread availability of portable computational technology, theorists such as Carroll (1989), 

Bruner (1966), Goodlad and Anderson (1959), Glaser (1968), and Bloom (1960) envisioned a teaching 

method of the future that focused on the specific needs of the individual. They called this idea mastery 

learning. It is the precursor to individualized learning, so let’s take a brief look at it. 

Mastery learning was a direct challenge to an older tradition in educational psychology that we might call 

the bell curve model. In the bell curve model, a classroom is envisioned as a sample of children with 

varied levels of aptitude for learning, with those aptitude levels having the shape of a bell curve. This level 

of aptitude was considered more or less innate, or inherited. Teachers in earlier days, as a consequence 

of this model, reasoned that the most cost-effective teaching method for a fixed bell curve was to teach to 

the average and in a uniform fashion. This learning strategy brings to focus three very important 

dimensions about teaching and learning that set the stage for everything that is to follow, so they are 

worth calling out. These are three characteristics of the bell curve model: 

• Every child received the same lesson. 

• Every child received lessons in the same sequence. 

• Every child was given the same amount of time to master the skills. 

What is the end-of-year outcome of the bell curve approach? Children with the highest aptitudes end up 

with the highest performance scores, and those at the bottom of the distribution remain at the bottom. 

Many students fail to acquire basic skills. 
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So much about this picture seems anachronistic if not unsettling. We have learned much about 

intelligence since the last century. A very important paper by Nisbett et al (2012) reveals that it is not as 

unreasonable as previously thought to think that we can educate all children, regardless of initial ability. 

Highlights of the paper include the following: an enriched learning environment can and does in fact 

disrupt the bell curve; early intervention in education can and does improve academic and life outcomes 

of children; environmental influences on intelligence are larger than they were thought to be last century; 

and the achievement gap in education can and does decrease with sustained effort. Human ability has 

greater plasticity—it is less fixed—than was thought during the bell curve tradition. The challenge of 

educating all children need not be half-hearted based on a too literal conception of innate differences in 

intelligence. 

So, let’s clear the slate. Let’s begin by acknowledging that every child is intelligent. Of course they are. 

Every day children perform cognitive acts of attention, perception, inference, induction, deduction, 

understanding, judgment, and decision making. That’s what intelligence is. 

The difficulty is that these naturally occurring intellectual abilities can be hindered by auxiliary internal or 

external conditions such as prior mastery of skills, prerequisite experience, processing speed, working 

memory capacity, interest, motivation, self-efficacy, and, unfortunately, hunger and emotional trauma in 

some cases. We can’t repair some of the rifts in a human life, but we can improve the way we present the 

learning path to a child so that child has the best chance at succeeding. 

How can we improve teaching? Take another look at the three constants we talked about in the bell curve 

tradition: uniformity of lesson, sequence, and time. These have been reimagined and shaped into what 

we now call the individualized learning model. 

Going against the grain, educational psychologist John Carroll declared in the 1960s that, whatever one 

thinks of the bell curve model, there was insufficient evidence that intelligence was an innate construct 

acquired at birth and fixed over time. He proposed that intelligence can be more fruitfully defined as the 

amount of time it takes for a person to master a task. The genius of this insight was that it called attention 

to the implicit belief that all children should master cognitive tasks in the same amount of time. What is 

gained by uniformity of time constraints is efficiency in mass-educating children. The collective cannot be 

held back by the struggling children. So, when we apply a uniform time constraint, the data are 

interpreted as saying that there are fast and slow children whose abilities are fixed at birth. Carroll flips 

things upside down. There surely are differences between children, but these differences should be 

looked at as natural differences in the amount of time it takes to master cognitive skills. 

Remove the assumption about the necessity of uniformity in lesson, sequence, and time, and we have a 

working model for individualized learning. These are three characteristics of the individualized learning 

model: 

• Every child receives lessons appropriate to his or her particular level of development. 
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• Every child receives lessons sequenced in a flexible way to accommodate progress. 

• Every child is given whatever time is required to practice the lessons. 

Because every child receives assignments tailored to his or her level of ability, and is given the time 

needed to achieve mastery, the majority of children in the classroom are expected to cross the finish line, 

given sufficient time. This is the basic idea of individualized learning. 

The graphical comparison below shows the two visions, drawn for illustrative purposes. The illustration 

puts into schematic form the consequences of early visionaries like John Carroll and Benjamin Bloom. 

The image accurately depicts the effect of fixed versus variable transformations of scores on a normal 

distribution. 

 

The model on the left shows the expected pattern of growth when (1) a uniform curriculum is applied to 

the whole class, and (2) the classroom is managed under the constraint that the average rate of learning 

suffices for all. In more technical terms, when you add a constant to scores in a normal distribution, the 

new distribution has the same shape but is shifted. The quick students cannot accelerate the pace, and 

the slow ones cannot hold it back. All students progress, but virtually all children who were at the top of 
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the class at the beginning of the year cross the proficiency line, while most of the children at the bottom of 

the class remain at the bottom. 

The model on the right shows the growth pattern when (1) a differentiated curriculum is prescribed for 

each child, and (2) differentiated rates of learning are recognized and accommodated for each child and, 

therefore, self-paced learning is built in to the classroom. In the right-hand model, we see that almost all 

students are envisioned as achieving proficiency. As above, we can view this in more technical terms by 

saying that we multiply each score in the distribution not by a constant but by a variable that depends on 

a particular student’s diagnosis. 

Note that this is not just a strategy to bring the lowest students to the top, though that is indeed a 

desirable outcome. It is a strategy that also challenges the B students to perhaps move outside their 

comfort range to achieve the excellence of which they are capable. 

An Evidence-Based Approach 

Individualized learning looks good in theory. But does it work? Can we really narrow achievement gaps? 

It appears so. Here we will focus on the most recent findings. Later we will relate the various components 

of the Edmentum Exact Path to rigorous learning-science research conducted over the last 50 years. 

The RAND Corporation (2014) performed a study of the effectiveness of personalized learning, which is 

an extension of individualized learning. The study identified common factors of learning after observing 

schools that appear to be vanguards in this model. These are common factors reported by schools that 

reported successfully implementing a personalized approach: 

• learner profiles of each student’s individual strengths, needs, motivations, and goals that help the 

teacher find ways to reach children in a way that is meaningful to them personally and individually 

• personal learning paths in which each student is placed in a customized path of instruction that 

responds to and adapts to where they are right now in terms of readiness 

• competency-based progressions in which a student is given clearly defined goals and is 

repeatedly assessed on progress toward these goals until mastery is attained 

• flexible learning environments in which the classroom can be shaped and designed to 

accommodate the differentiation in levels of student readiness 

RAND studied 23 schools in predominantly urban locations to identify these new instructional 

approaches. It used a quasi-experiment of a matched control sample of schools that practiced these four 

elements versus a virtual comparison group drawn from a national database to arrive at a collection of 

schools that served populations similar to the focal group that practiced personalized learning. 

Results were measured objectively using the Northwest Evaluation Association’s Measures of Academic 

Progress (MAP) over two school years. The researchers found the schools that practiced personalized 
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learning using the common factors listed above performed better in both mathematics and reading than 

the matched virtual comparison group. The effect size for math was .41. An effect size is a standardized 

measure of change that is objective (i.e., it is interpretable in the same way no matter what the outcome 

measure). An effect size of .41 is conventionally interpreted as follows: If a student in the 50th percentile 

of the control group had been moved to the personalized learning group, this student would have moved 

from the 50th percentile to the 66th percentile in mathematics achievement. This is a robust effect. 

The effect size for reading was .29, which translates into a treatment effect that would lead from the 50th 

percentile rank to the 61st percentile rank. 

Like much of the research in mastery learning over the past 50 years, this study unveiled an exciting 

trend: the lowest performing students in the schools had the greatest gains. This is precisely what the 

individualized learning vision sets out to do. 

Pane, Steiner, Baird, and Hamilton (2015) continued the RAND study described above and expanded the 

treatment sample to 62 schools. They used the same methodology as the earlier study and found that the 

growth trends increased after a two-year follow-up, though the effect sizes showed slight attenuation. 

The chart below is from the study’s report. It gives a strong sense of the magnitude of effects across 

schools. Certainly, this learning framework is an approach with a future. Now let’s look at the Edmentum 

mastery learning approach to individualized learning. 
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From Pane et al. (2015). Continued Progress: Promising Evidence on Personalized Learning. Copyright 
© 2015 by the Bill and Melinda Gates Foundation. Published the under the Creative Commons Attribution 
4.0 Generic License CC BY 4.0. 
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Edmentum Exact Path 

Mastery Learning Model 

Edmentum Exact Path is linked to an evidence-based practice known as the mastery learning model. This 

is not a one-size-fits-all model. It is consistent with and can be adapted to a wide variety of learning 

situations. 

MASTERY LEARNING MODEL 

 

 

 

This model could be used within a wide variety of learning strategies, including the family of intervention 

approaches. This model shows that educational intervention starts (either intentionally or intuitively) with 

some diagnosis, an opinion or assessment of the child’s current ability; then moves to instruction aimed to 

meet the child; then assigns practice to apply what has been taught; and wraps up with a suitable method 

of checking, or testing, whether the child has learned the lesson. The process is rendered as a recurrent, 

or circular, process to suggest that assessment eventually recurs so that in time the assessment confirms 

that the child has or has not advanced to the expected level of achievement. 

The functional flow is an iterative process. It does not end with a test. A test might show that the child 

needs to repeat the skill. A teacher can and should cycle through the sequence until mastery is attained. 
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Each step in the sequence is supported by a substantial body of research in peer-reviewed scientific 

journals. We summarize the steps in our learning model here, followed by detailed description of the 

functionality of the research base of our product: 

• Diagnosis to accurately determine particular deficits and strengths in hundreds of skills in the 

domains of Counting and Cardinality, Numbers and Operations, Measurement and Data, Algebra, 

Fractions and Ratios, and Geometry. The diagnostic test is described later in the Adaptive 

Assessments section. 

• Instruction through high-quality animation and other audio-visual presentations with effective 

character-driven dialog focusing closely on the specific skills in the domains and adapted to a 

learner’s particular level of readiness. The linking of diagnostic scores to curriculum is shown later 

in the Learning Paths section. 

• Practice to reinforce the lesson by eliciting direct physical engagement such as drawing, reciting, 

recording, calculating, solving, estimating, and other activities. A focus on practical understanding 

forges implicit learning of the concepts and skills to complement and strengthen semantic or 

explicit learning. The instructional architecture is also described in the Learning Paths section. 

• Testing of concepts and principles after practice. The learner is presented challenging quizzes 

that initiate practice in retrieving what has been encoded in memory. Feedback on quizzes 

reinforces learning and proactively prevents interference in memory. There are two kinds of testing 

in our mastery learning model: 

o Mastery quizzes as part of instruction. Students can practice applying the concepts they 

learned repeatedly by taking frequent mastery tests. This aspect of the instruction is an 

evidence-based learning strategy and is discussed in the Learning Paths section. 

o Progress checks on the skills that have been taught to reinforce automaticity and fluency, 

and again to practice focused retrieval to consolidate learning. Confirmation of mastery 

indicates that a child has successfully acquired a specific competency that can be drawn 

on in future lessons and in life. When the progress check indicates competency in the skill, 

we say that sufficient mastery has been demonstrated to recognize that the child has 

acquired the skills competency on this node of the learning path. The progress monitors 

are discussed in the Adaptive Assessments section. 
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Adaptive Assessments 

FEATURES 

Assessment Component Description Technical Specs 

Adaptive Diagnostic a brief test of mathematical ability 

in six knowledge domains 

(Counting and Cardinality, 

Numbers and Operations, 

Measurement and Data, Algebra, 

Fractions and Ratios, Geometry) 

administered as an efficient 

computer-adaptive test 

designed for repeated 

administration across the school 

year 

scores across multiple 

administrations provide growth 

measure across grades K–8 

administered over the course 

of an academic year in up to 

four teacher-designated 

testing windows (fall, winter, 

early spring, end of year) 

variable length computer-

adaptive test with an average 

of 48 items, fewer for grades 

K–2 

typical testing time of 15–60 

minutes, with the lower times 

in the earlier grade levels 

reliability above .90 

classification consistency 

above .90 

Mastery Quizzes short, five-item quizzes built to 

test a child’s grasp of specific 

material within a learning module 

provides feedback so the student 

knows whether the answer is 

right or wrong 

short quizzes of variable 

length in which the student is 

told what the standard of 

mastery is and is given 

feedback on performance 

primarily instructional tools 

with no measurement model 

applied; serve the function of 

learning checks in the mastery 

tradition 

typically, mastery threshold 

score of 4 out of 5 

Progress Checks fixed tests with five items per skill 

area and up to four skills 

forms created dynamically 

from carefully constructed item 
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Assessment Component Description Technical Specs 

assessed with a total of 15–20 

items 

dynamically generated formative 

assessments used to monitor 

progress of student mastery on a 

set of completed skills within a 

learning path 

inform and adapt a student’s 

learning path, determining the 

next set of four skills a student 

will see 

pool of over 13,000 questions 

covering over 500 skills 

uses beta-binomial 

psychometric model for 

performance judgment 

typically, mastery threshold 

score of 4 out of 5 

 

The adaptive diagnostic test is designed and recommended to be given to all students, as opposed to 

being reserved for students who are assessed for remedial options. While it will identify children who are 

below grade as intervention systems do, the Exact Path does so in the broader context of placing every 

child in a developmentally appropriate learning path. 

The adaptive diagnostic provides a standard score indicating where a student is in the K–8 

developmental growth scale. The score cuts across grades so students who are above and below grade 

can be identified with confidence. After taking the diagnostic test during a specific testing window, a 

student is classified as being below grade, on grade, or above grade. The student’s score can be 

interpreted as a progress-across-grade indicator and can also be interpreted according to national norms 

to determine a child’s percentile rank within grade. 

A total growth score and domain-level scores are reported for each learner. Grade classifications are 

made at the domain level as well. 

As an adaptive test, this diagnostic consists of a pool of over 2,000 high-quality test questions that have 

been calibrated in their level of difficulty. The test is administered using a computer-adaptive algorithm. 

This genre of testing method was designed for the express purpose of giving the most efficient testing 

experience possible without sacrificing accuracy. It does so by delivering items that are within the child’s 

estimated ability level and not wasting time with items that are either too difficult or too easy. 

Progress checks contain five items per skill, with up to four skills assessed on each test. The test items 

are drawn from a pool of items with a specific skill that the child has been assigned to master as a 

competency. The items have a calibrated difficulty and are scored using a beta-binomial measurement 

model. In the mastery tradition, it is customary to use short progress checks so the emphasis remains on 
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tutorials and practice (see Instructional Content). Brief mastery tests are not scored in terms of 

percentage correct but instead by estimating the probability that a student with a given response profile 

has mastered the skill. 

The first release of the Exact Path uses a basic beta-binomial measurement model. However, starting in 

2017, mastery will be calculated using modern cognitive diagnostic models, which enable greater 

flexibility in drawing diagnostic information from response patterns. These models will be built using 

response data being collected during the 2016–17 field test. 

Psychometric Standards 

Empirical support for our adaptive Developmental Growth Scales is established. Based on what we know 

so far about our scales after a year of development and a large field test, we can report the following. 

RELIABILITY 

Reliability Metric Results 

Student score reliability High. The item response theory (IRT) calibration 

software calculated the score reliability for student 

ability as .95. 

Split-half reliability High. Field test results showed that split-half 

reliability ranged from .80 to .90. 

Classification consistency High. Field test results showed that grade-level 

classification had consistency and accuracy 

ranging from .90 to .95. 

VALIDITY 

Validity Type Validity Metric Results 

Construct validity Grade separation Excellent. Learner ability scores 

differ significantly between 

grades and across grades within 

grade cohorts in year-over-year 

change. 

Construct invariance Excellent. Item difficulties are 

correlated in the .90s across 

adjacent grades. 
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Validity Type Validity Metric Results 

Growth (effect size) across 

grade 

Excellent. Cohen’s d effect 

sizes between grades closely 

match predicted magnitude and 

change pattern based on effect 

size norms of a national sample 

of state vertical scales. 

Concurrent validity Correlations with similar tests In progress. Expected spring 

2017; pending end-of-year data 

to come for the 2016–17 school 

year 

Predictive validity Correlations with end-of-year 

tests 

In progress. Expected summer 

2017 after receiving end-of-year 

test score data from the 2016–

17 school year* 

Classification accuracy Concordance between 

diagnostic and grade-level 

placement 

In progress. Expected summer 

2017; pending end-of-year data 

to come for the 2016–17 school 

year 

* Pending product-specific evidence in 2017, we can report that the item pool from which the diagnostic 
assessments were created has been deployed in fixed-form benchmark tests nationwide, and the 
predictive validity of these tests, from the same item pool, for predicting high-stakes end-of-year tests 
such as the SBAC and the PSSA is consistently between .80 and .90. Based on this, we are confident of 
excellent predictive validity for the diagnostic assessments. 
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Learning Paths 

 

 

The adaptive diagnostic algorithm is depicted on the left side as a sequence of ability estimates. The 

algorithm intelligently searches out a student’s ability level by probing with sensitive items; note that as 

we move through the assessment sequence, a smooth and clear estimate of ability emerges. 

Because of the design of our system, this ability scale has been calibrated precisely to the difficulty of 

lessons on the learning path (on the right-hand side). They are on the same scale. For purposes of 

illustration we use a scale of -4 to +4, but the actual standard scores are expressed on a more meaningful 

scale. In this example, we see two different students’ assessment processes. The blue line is a 

kindergartner who is accurately diagnosed as being on grade and who is assigned into an appropriate 

geometry lesson, such as recognizing shapes. Labels have been removed from the remaining 

competencies to avoid excess clutter. 

The green line is an older child who might be in third grade. This student is ready for the grade-

appropriate lesson in Points, Lines, and Segments. Once the student is placed into the learning path 

based on the adaptive diagnostic, the student will work on a lesson until the competency is attained. At 

that point, the student continues in a self-paced manner, or as directed by the teacher, into subsequent 

lessons of increasing difficulty from left to right. 
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It is important to note that the illustration above is plotted using actual calibration and diagnostic test 

results. It is not simulated. These are real kids who were accurately diagnosed and assigned into what 

the teacher recognizes as a suitable lesson module. 

We use an adaptive diagnostic assessment to place every learner into a developmentally appropriate 

point in the learning path. Each point in the learning path is a skill that is taught using a computer-assisted 

learning module, which we will explore next. 

Research on Learning Paths in Educational Assessment 

Recent authors in educational assessment (Briggs et al, 2015; Leighton & Gierl, 2011; National Research 

Council, 2001) have called attention to the necessity of forging a much stronger link between the purely 

psychometric aspects of educational assessments and explicit theories of cognitive components of 

development in mathematics. This strong link between assessment and learning progression is the key 

feature of the Exact Path. There are products that feature strong growth scales and first-rate instructional 

content. Edmentum is in the unique position of having a rigorous and psychometrically solid growth scale 

along with 50 years of success in building innovative computer-assisted instructional systems. We have 

the best of both worlds. 

What is exciting for us and our customers is that the leading-edge thinkers in educational assessment 

and learning science are now calling for precisely the synergy we have: assessments that are tightly 

knitted to learning paths. Here is a very brief review of the burgeoning science behind our approach. 

Briggs et al (2015) described the difficulty in interpreting growth scores produced by many existing 

standardized tests, arguing very coherently that changes in curriculum from grade to grade can have far 

more influence on so-called growth scores than student growth itself. This renders many growth scores 

uninterpretable. Briggs and his team of researchers at the University of Colorado’s Center for 

Assessment, Design, Research, and Evaluation boiled the problem down to this: Educators, principals, 

curriculum directors, and other stakeholders must be able to infer at the end of the testing period: (1) what 

has been acquired by the children, and (2) how much has been acquired. 

They advocated a different kind of approach that “strives to put educational assessment where it belongs: 

close to the curriculum, the instruction, and the student.” What is needed, before the full-scale 

implementation of a growth scale, is a model of learning to serve as what the National Research Center 

(2001) called a “nucleus that brings cohesion to curriculum, instruction, and assessment together.” 

This nucleus, or learning model, is what we call our learning path. We joined our mathematics learning 

path with our Edmentum assessment assets to form a comprehensive solution where scores can be 

closely linked to learning objectives. This allows us to answer the truly important questions, What has a 

child learned? and How much? Assessment is both qualitative and quantitative. 
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Instructional Content 

Design and Architecture 

After the diagnostic assessment recommends a learning path of a particular set of skills, the student may 

begin working on the individualized playlist immediately. Additionally, the teacher may assign other 

lessons based on a judgment about the student’s readiness. Once the assignment is made through the 

teacher’s portal, it appears in the learner’s portal, which might look like this: 

 

The lesson depicted above is entitled Exploring Division. Each lesson is structured according to a 

common design. The table below outlines the typical structure of lesson content.  

Lesson Activity Description Comments 

Tutorial This is primarily an HTML-based 

multimedia presentation of the key 

concepts and principles of the skill. It 

will typically be a video, an animation, 

a tutorial, or some other audio-visual 

display. 

The tutorial follows a direct instruction 

model in which the narrator defines 

key components of the concept, offers 

a clear demonstration, and directs the 

These features are typical, but 

each lesson is unique and 

adapted to the subject matter. 
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Lesson Activity Description Comments 

student to follow steps to apply the 

principles. The narrator is typically a 

character embedded in a thematic 

context, and instruction occurs within 

character-driven dialog. 

A tutorial is designed to be brief, 

about five minutes in length, and 

focused on essential concepts and 

demonstrations. 

The tutorials may link to external 

videos to augment the lesson. 

Guided practice A guided practice activity typically 

consists of one set of 7 to 10 

interactions with content. These are 

specifically not test items, although 

some interactions can be multiple 

choice or technology-enhanced 

questions. For example, learners 

might be asked to sort a set of objects 

into kinds. 

Learners will receive feedback on 

their performance and may make 

multiple attempts to answer questions 

during the guided practice session. 

Each activity is introduced by an 

animated video, and the student can 

proceed in a self-directed pace. 

These activities extend learning on a 

concept and extend the student’s 

understanding by practicing retrieval 

of key information. 

Scores on the interactions are 

displayed in the lesson-level 

and in the skill-level 

Knowledge Map in the learner 

interface. 
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Lesson Activity Description Comments 

Mastery quiz Commonly, the lessons and practice 

activities are followed by mastery 

quizzes to engage students in 

cognitive retrieval of the material they 

have learned and manipulated in 

previous activities. 

Typically, there are five interactions, 

or items, in a quiz. The item types can 

be multiple choice or technology 

enhanced. 

Feedback is a simple report of 

whether the student got the right 

answer. Simple feedback is used 

because the role of this activity is to 

determine mastery after the 

instruction and activity steps. 

Scores on practice are 

displayed in the Knowledge 

Map and Student Reports. 

 

Teacher-graded activities Constructed-response questions, 

drawing figures with tools, answering 

open-ended questions, recording a 

sample, and other activities are just a 

few of the different teacher-graded 

activities available. There is wide 

latitude in the kinds of activities that 

could be given, depending on the 

skill. 

The teacher receives the learner’s 

work on each assignment and uses a 

rubric to score the assignment on a 

scale of 0–4 with feedback. 

optional 

Support tools Finally, each lesson makes tools 

available as appropriate. Such tools 

are adjuncts to the learning materials 

in the lesson. For example, a 

optional 
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Lesson Activity Description Comments 

highlighter might be available for the 

learner to mark up an on-screen text. 

Research Base 

Computer-Assisted Instruction and Educational Technology 

At the most general level, one can ask whether computer-assisted instruction is effective in education. 

Cheung and Slavin (2013) reviewed the research on the effectiveness of educational technology, 

including computer-assisted instruction, on learning outcomes in mathematics. This paper was published 

in the peer-reviewed journal Educational Research Review. Their large-scale meta-analysis, which 

focused on 74 controlled experiments and quasi-experiments conducted among more than 56.886 K-12 

students, indicated that the effect size of computer-based instruction for learning is statistically significant 

but modest in absolute value because of the wide variability of use cases. However, they found that when 

online instruction was used as supplemental instructional content for a classroom situation and when 

usage was carefully and faithfully implemented, the effect size was much larger. Their conclusion stated: 

So the question is no longer whether teachers should use educational technology or not, but 

rather how best to incorporate various educational technology applications into classroom 

settings. The present review indicates that incorporating supplemental programs into regular 

classroom curriculum may be beneficial, and adhering to program usage guidelines suggested by 

technology providers may be helpful in improving student achievement. (p. 102) 

We therefore recommend that Exact Path be viewed not as a replacement for licensed teachers but 

rather as individualized, supplemental content. More important, we stress that the product be used with 

strong fidelity to the recommendations given to teachers by the training and support materials. When 

treatment fidelity is high, the methodology has demonstrated measurable effects in the classroom. 

Mastery Quiz Testing Effect 

Mastery testing, as embodied by our learning modules as well as our progress-checking test feature, has 

strong evidentiary support from controlled experiments. In addition, much has been learned recently 

about the mechanism by which mastery testing is efficacious. 

Kulik, Kulik, and Bangert-Drowns (1990) published a widely cited meta-analysis of the effects of mastery 

testing on academic growth. After pooling the research through 1990, they found a robust, positive benefit 

of mastery testing, both in demonstrably improving the modular skills and in increasing end-of-course 

standardized test scores. Using the Cohen’s d statistic, the authors computed the effect sizes and found 

that the average effect size of frequent mastery testing was .52. Effect sizes are conventionally translated 
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into percentile interpretations. Here, the effect size of .52 indicates that, compared with a control group 

with the average student at the 50th percentile, the average treatment group child receiving mastery-

based learning and testing would be located at the 70th percentile. This is considered a strong treatment 

effect that clearly demonstrates the efficacy of mastery testing as an evidence-based practice. 

The authors found specifically that learning through mastery testing was particularly effective for lower 

performing students. Moreover, the achievement gains occurred both on classroom summative tests and 

end-of-course standardized tests. 

Since that 1990 study, a great deal of research has been performed to understand the cognitive 

mechanisms by which mastery testing is thought to be effective; in other words, to know not only how 

mastery testing improves learning but why it does. 

Cognitive Psychology of Instruction and Assessment 

Experimental research by Roediger and Karpicke (2006), Roediger (2014), McDermott et al (2014), and 

others suggests that mastery testing is efficacious because it provides practice in cognitive retrieval. This 

means that information stored in long-term memory is to some extent volatile and subject to interference. 

When a person intentionally retrieves information from long-term memory, it strengthens the memory and 

makes it more accessible in future applications. This makes the information more accessible, confers 

automaticity in information processing, and prepares the student for further learning. 

Reporting and Actionable Data 
With Exact Path, students are supported at their instructional level and monitored closely throughout their 

academic journey so educators can spend their time where it is needed most, leveraging our educator 

tools to work directly with students. Our assessments build a complete profile of student strengths and 

needs coupled with learning paths that deliver lessons in bite-sized chunks paired with motivating 

gamification that rewards both grit and mastery. Educator alerts and skills-aligned teacher resources 

provide another meaningful level of support to complement existing intervention strategies. Each step of 

the way, educators are presented with insightful progress-monitoring views that include valid growth 

measurements to help understand and communicate progress with stakeholders. 

Knowledge Map 

Educator tools leverage data from student learning paths to inform and support daily instruction. These 

tools include grouping tools to automate the process of building small groups and reporting alerts paired 

with skills-aligned teacher resources that allow educators to target student skill gaps efficiently. 
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Grouping of Learners 

Small-group learning is the bedrock of elementary success, but crafting meaningful groups requires a lot 

of time. We have made grouping students for daily instruction easy. Exact Path uses real-time student 

data to automate the process and provide meaningful student-grouping recommendations, allowing 

educators to quickly review, adjust, and print their selections for more targeted daily instruction. Using 

grouping automation, educators can simply select the domain and skill they want to focus on and see 

groups arranged dynamically to reflect similar abilities. Simple drag-and-drop functionality also allows 

educators to make necessary changes or build groups based on their own insights. Notes can also be 

added to each group to allow educators to document lessons or activities they plan to use during small-

group learning. 
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Current Learning Activities 

Smart data visualization tools allow educators to dig into where learning breaks down, what skills have 

been mastered, and what material students are ready to learn. By formulating insights based on progress 

metrics and valid growth measures, educators can quickly take action where it’s needed most. 
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Responsive to Thought Leadership in Mathematics 
Education 

National Mathematics Advisory Panel 

A paper issued by the US Department of Education in 2008 contained some forward-looking 

recommendations for mathematics education, and many of these recommendations are embodied in 

Exact Path for mathematics. What is so critical about these recommendations is that they are issued by 

the leading authorities in mathematics education nationwide. Each recommendation was given only after 

a thorough review of the scientific research in support of the recommendation. 

Several key principles and recommendations of the National Mathematics Advisory Panel for teaching 

mathematics in the 21st century are presented below, followed by our thoughts on how Exact Path is 
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congruent with the direction and thinking of the panel. These specific recommendations were selected 

among all others because they specifically point toward a future based on individualized learning. 

More Flexible Criteria for Readiness to Learn Mathematics 

Advisory Panel Statement 

What is developmentally appropriate is not a simple function of age or grade, but rather is largely 

contingent on prior opportunities to learn. Claims based on Piaget’s highly influential theory, and 

related theories of “developmental appropriateness” that children of particular ages cannot learn 

certain content because they are “too young,” “not in the appropriate stage,” or “not ready” have 

consistently been shown to be wrong. Nor are claims justified that children cannot learn particular 

ideas because their brains are insufficiently developed, even if they possess the prerequisite 

knowledge for learning the ideas. (p. 30) 

Edmentum Exact Path 

This recommendation goes to the heart of individualized learning. Let’s define nominal grade as the grade 

to which the learner is officially assigned. And let’s define cognitive grade as the grade level of course 

material the student is ready to encounter. Thus, there might be a fourth grader who is capable of sixth-

grade math. Exact Path will detect out-of-grade students because the diagnostic assessment is a cross-

grade, vertical scale. For reporting purposes, the child is marked below grade, on grade, or above grade. 

This way, we recognize that for practical purposes, many teachers will elect to stay in the traditional 

classroom structure. But the cognitive grade can be determined if a teacher is open to placing a child well 

above or below grade in the math curriculum. 

The Importance of Formative Assessments 

Advisory Panel Statement 

Results [of current research] suggest that use of formative assessments benefited students at all 

ability levels. When teachers are provided with additional “enhancements” (i.e., specific 

suggestions on how to use the assessment data to provide differentiated instruction), the pooled 

effect is significant. . . . 

Only one type of formative assessment has been studied with rigorous experimentation, viz. 

assessment that includes a random sampling of items that address state standards. The 

assessments tend to take between two and eight minutes to administer and, thus, are feasible for 

regular use. . . . 
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. . . Formative assessment should be an integral component of instructional practice in 

mathematics. (pp. 46–48) 

Edmentum Exact Path 

Exact Path is absolutely based on formative assessments. That means we do not claim to provide the 

high-stakes kinds of tests, the “standardized tests” given under strictly controlled conditions. Our 

assessments are not accountability measures. They simply indicate whether a student is advancing in the 

curriculum and, if not, which lessons the student should receive. Most lessons involve practice sessions 

in which a learner is asked to solve problems and is provided feedback. We also provide lesson-level 

quizzes in many cases, allowing learners to see if they can reach basic mastery on a short five-item quiz. 

We provide formative assessment across multiple skills with our periodic progress checks. Finally, re-

administering our diagnostic assessment allows learners and teachers to monitor growth over medium 

periods of time as well as to update the assignment of lessons based on a current assessment of learner 

readiness. 

The Efficacy of Technology-Based Repeated Practice 

Advisory Panel Statement 

These studies show that technology-based drill and practice and tutorials can improve student 

performance in specific areas of mathematics. (p. 50) 

Edmentum Exact Path 

Progress checks and mastery quizzes are given repeatedly during the lessons. Earlier we cited the 

substantial body of research supporting the efficacy of such interventions. With Exact Path, students also 

receive intensive practice with feedback on their performance. For example, in Rock Collector, a second-

grade lesson about strategies for adding and subtracting, a tutorial explains six different strategies for 

approaching an addition or subtraction problem. Then, in the guided practice, the learner reviews 

explanations about how a problem is solved using one of these strategies and decide whether the 

explanation is accurate. In the guided practice, the learner gets feedback on whether his or her answers 

are correct or incorrect and why. Finally, the learner takes a quiz with questions similar to the practice, 

helping to measure how well the learner has mastered the material in the tutorial. Learners can view 

tutorials, experiment with practice, and take lessons, quizzes, and mastery checks as often as the teacher 

permits. The value of repeated testing is particularly strong, especially for struggling students who 

practice intentionally and faithfully. 
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ON THIS SCREEN, THE DETAILED FEEDBACK INFORMS THE LEARNER THAT THE CHOSEN ANSWER IS INCORRECT AND EXPLAINS THE 

ERROR. HOPEFULLY, THE LEARNER WILL BE AWARE OF SIMILAR ERRORS IN THE NEXT QUESTION THAT APPLIES THIS STRATEGY. 

The Value of Computer-Assisted Instruction 

Advisory Panel Statement 

The Panel recommends that high-quality computer-assisted instruction (CAI) drill and practice, 

implemented with fidelity, be considered as a useful tool in developing students’ automaticity (i.e., 

fast, accurate, and effortless performance on computation), freeing working memory so that 

attention can be directed to the more complicated aspects of complex tasks. (p. 51) 

Edmentum Exact Path 

Educational theorists, especially in math education, distinguish between automaticity and understanding. 

In cognitive science, automaticity refers to implicit memory, the fast memory we use when we calculate a 

multiplication problem or recognize a symbol. For this kind of memory, practice makes perfect. CAI is very 

good at focusing a learner on these micro-skills. Repetition and feedback are highly effective in acquiring 

this knowledge. In our second-grade math curriculum, we have a game called Soccer Stars in which 

learners practice addition and subtraction. The learner answers simple computation questions. Based on 

the response, the learner is given a chance to control a soccer player in an attempt to kick and score a 

goal. This game challenge encourages learners to dive back into the activity multiple times, improving 

computation accuracy and building automaticity. As the micro-skills become more automatic, a learner’s 

working memory is freed up to focus on a problem-solving strategy or to notice aspects of a problem that 

were not seen before. In our second-grade curriculum, we follow Soccer Stars and Rock Collector with a 
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chance for learners to apply these strategies and their developed automaticity to solve real-world 

problems in a lesson called Train of Thought. Thus, our instruction is a form of high-quality, CAI, intended 

to increase both automaticity and understanding. 

 

IN SOCCER STARS, AFTER CORRECTLY ANSWERING THE QUESTION, WHAT IS 56 TAKE AWAY 25? BY SELECTING THE RESPONSE 

31, OUR LEARNER GETS A CHANCE TO DIRECT THE ANIMATED CHARACTER AS HE KICKS A GOAL AGAINST THE GOALIE. 

The Centrality of Algebra and Number Sense in Curriculum 

Advisory Panel Statement 

Algebra is a demonstrable gateway to later achievement. Students need it for any form of higher 

mathematics later in high school; moreover, research shows that completion of Algebra II 

correlates significantly with success in college and earnings from employment. In fact, students 

who complete Algebra II are more than twice as likely to graduate from college compared to 

students with less mathematical preparation. (p. xiii) 

Edmentum Exact Path 

The panel emphasized the centrality of algebra in the K–6 curriculum to prepare children for higher 

algebra. Our curriculum gives proper and proportionate emphasis to this priority, as our Algebra domain 

(and its prerequisite Number Sense) constitutes about half of the total skills in the math curriculum. As a 
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sample of this curricular focus on algebra skills across the grades, consider this progression along one 

path related to strategies and properties of operations: 

• Kindergarten–Ten Pen provides instruction on the skill number composition. 

• Grade 1–A Party provides instruction on the skill addition and subtraction properties. 

• Grade 2–Train of Thought and Station Subtraction provide instruction on addition and subtraction 

properties related to the skill real-world problems. 

• Grade 3–Soccer Stars provides instruction on the skill multiplication and division properties. 

• Grade 4–Understanding Multiplication as Repeated Addition provides instruction on the skill 

multiplicative comparison. 

• Grade 5–Equations and Expressions provides instruction on the skill numerical expressions. 

As noted above, with about half of the math lessons focused on skills in Algebra and Number Sense, 

similar paths lead learners from kindergarten into grades 6–8, preparing learners for appropriate work in 

algebra in higher grade levels. 

Encouragement of Accelerated Math for Gifted Students 

Advisory Panel Statement 

Gifted students appeared to become more strongly engaged in science, technology, engineering, 

or mathematical areas of study. There is no evidence in the research literature that gaps and 

holes in knowledge have occurred as a result of student acceleration. . . . 

. . . Self-paced instruction supplemented with enrichment yielded the greater benefits. This 

supports the widely held view in the field of gifted education that combined acceleration and 

enrichment should be the intervention of choice. (p. 53) 

Edmentum Exact Path 

Individualized instruction via self-paced computer-assisted learning is an evidence-based practice, and 

our solution provides a road map for gifted children to pursue lessons at their own pace, in their own time. 

Again, while we recognize that a typical classroom will keep most of its learners on grade, those teachers 

who wish to offer additional options for gifted learners will be able to determine, using the testing manual, 

what sort of higher-level math a learner might be capable of mastering. 

For example, a first-grade learner working above grade will see third-grade lessons that teach higher-

level skills. Rather than working on the addition and subtraction skill using visual tools like base ten 

blocks in the Block Party lesson in the first-grade curriculum, our first grader with strong number sense 

skills can work on addition and subtraction using Soccer Stars to add and subtract two-digit numbers 

directly. Yet, we still present the material with characters and a storyline in an environment friendly for 
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younger learners. Exact Path provides the acceleration through the material and allows the classroom or 

specialist teacher to spend in-class time focused on enrichment for that gifted learner. 

 

ON-GRADE FIRST GRADERS WILL ADD A TWO-DIGIT NUMBER AND A ONE-DIGIT NUMBER USING BASE TEN BLOCKS IN BLOCK PARTY, 

WHILE THEIR ACCELERATED PEERS WILL ANSWER SIMILAR PROBLEMS IN SOCCER STARS WITHOUT THE SUPPORT OF THE BASE TEN 

BLOCKS. 

In addition, we provide instruction through grades 7 and 8, including lessons focused on properties of 

addition and subtraction, properties of multiplication and division, and real numbers. This allows learners 

in grades 4–6 a chance to keep moving multiple years ahead of on-grade learners in computational skills 

and other material at the appropriate level of complexity and challenge for their abilities. 

Elementary and Secondary Education Act (ESEA) 

Edmentum Exact Path supports several of the stated purposes of the 2015 reauthorization of the Every 

Student Succeeds Act: 

• Hold all students to high academic standards that prepare them for success in college and 

careers. 

• Respond when students fall behind. 

• Close achievement gaps. 
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• Reduce the often onerous burden of testing on students and teachers, making sure that tests don’t 

crowd out teaching and learning and without sacrificing the clear, annual information parents and 

educators need to make sure our children are learning. 

• Protect America’s disadvantaged students. Hold schools accountable for the progress of all 

students and prescribe meaningful reforms to improve them. 

• Support America’s vulnerable children, including students with disabilities, English language 

learners, Native American students, homeless children, neglected and delinquent children, and 

migrant and seasonal farmworker children. 

• Ensure that all students—including students from low-income families and students of color—have 

equitable access to excellent educators. 
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Appendix 

LEARNING PATHS: MATHEMATICS PROGRESSION OF LEARNING 

Sequence Grade Domain Skill Skill Statement 

1  K  Counting & Cardinality  Number Names  Identify the number name and 
numeric form for numbers from 0 to 
20.  

2  K  Counting & Cardinality  Counting  Count up to 20 objects. Count 
forward by 1s and 10s within 100.  

3  K  Counting & Cardinality  Comparing Numbers  Use matching and counting 
strategies to compare the number of 
objects in two groups, or compare 
two numbers from 0 to 10, recording 
the comparison with <, >, or =. Order 
three numbers, or identify the group 
with the most or fewest objects, from 
0 to 10.  

4  K  Algebra & Expressions  Addition and Subtraction  Use models to solve addition and 
subtraction problems within 10. Add 
and subtract fluently within 5.  

5  K  Algebra & Expressions  Number Composition  Use understanding of addition and 
subtraction to decompose numbers 
from 0 to 10 into pairs in more than 
one way, or, when given a number 
from 1 to 9, to find the number that 
makes 10 when added to the given 
number.  

6  K  Numbers & Operations  Compose & Decompose Numbers  Decompose numbers from 11 to 19 
into ten ones and some additional 
ones to gain foundations for place 
value.  

7  K  Measurement, Data, & Statistics  Measuring Objects  Describe measurable attributes of 
objects, and compare two objects in 
terms of a common measurable 
attribute.  

8  K  Measurement, Data, & Statistics  Classifying Objects  Classify objects into given 
categories, and sort the categories 
by count.  
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Sequence Grade Domain Skill Skill Statement 

9  K  Geometry  Shapes  Identify two- and three-dimensional 
figures and describe their attributes,  

10  K  Geometry  Combining Shapes  Build models of shapes using 
components. Compose two- or 
three-dimensional shapes to form 
larger shapes.  

11  1  Number & Operations  Reading and Writing Numbers  Identify the number name and 
numeric form for numbers from 0 to 
120.  

12  1  Number & Operations  Counting Numbers  Count forward by 1s within 120.  

13  1  Number & Operations  Place Value  Count up to 120 objects. Understand 
place value in two-digit whole 
numbers.  

14  1  Number & Operations  Compare & Order Numbers  Use place value understanding and 
models to compare two two-digit 
numbers, recording the comparison 
with <, >, or =. Order three two-digit 
numbers.  

15  1  Algebra & Expressions  Real-World Problems  Use addition and subtraction to solve 
word problems within 20.  

16  1  Algebra & Expressions  Addition and Subtraction Facts  Use mental strategies and the 
relationship between addition and 
subtraction to add and subtract 
within 20.  

17  1  Algebra & Expressions  Addition and Subtraction Properties  Use fact families and properties of 
operations to add and subtract within 
20.  

18  1  Algebra & Expressions  Number Sentences  Determine if an addition or 
subtraction equation is true or false, 
and determine the unknown whole 
number that makes a one-step 
addition or subtraction equation true 
in mathematical and real-world 
problems.  

19  1  Number & Operations  Addition and Subtraction Strategies  Use models to add two two-digit 
numbers, and mentally find the  

20  1  Number & Operations  Addition and Subtraction  Use place value understanding to 
add a two-digit number and one-digit 
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Sequence Grade Domain Skill Skill Statement 

number, or a two-digit number and a 
two-digit multiple of 10, or to subtract 
a two-digit multiple of 10 from a two-
digit multiple of 10.  

21  1  Measurement, Data, & Statistics  Length  Understand concepts of length, and 
measure the length of an object 
using standard or nonstandard 
length units. Order three objects by 
length, and compare the lengths of 
two objects indirectly by using a third 
object.  

22  1  Measurement, Data, & Statistics  Time  Use analog and digital clocks to tell 
time to the nearest hour or half-hour.  

23  1  Measurement, Data, & Statistics  Represent & Interpret Data  Represent data with up to three 
categories using a picture graph or 
bar graph. Use addition or 
subtraction to solve one-step 
problems about data represented in 
a graph.  

24  1  Geometry  Shapes  Identify a shape based on its 
defining attributes. Compose two- or 
three-dimensional shapes to form 
larger shapes. Use a shape 
partitioned into halves or fourths to 
gain foundations for fraction 
concepts.  

25  2  Number & Operations  Place Value  Understand place value in three-digit 
whole numbers.  

26  2  Number & Operations  Reading and Writing Numbers  Use place value understanding to 
read and write whole numbers to 
1,000 in word form.  

27  2  Number & Operations  Expanded Notation  Use place value understanding to 
read and write whole numbers to 
1,000 in expanded form.  

28  2  Number & Operations  Compare Whole Numbers  Use place value understanding to 
compare two three-digit whole 
numbers, and record the comparison 
using <, >, or =.  
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Sequence Grade Domain Skill Skill Statement 

29  2  Number & Operations  Counting Numbers  Count forward and backward by 1s, 
5s, 10s, and 100s within 1,000.  

30  2  Algebra & Expressions  Addition and Subtraction Facts  Fluently add and subtract within 20.  

31  2  Number & Operations  Addition and Subtraction Properties  Understand properties of addition 
and subtraction within 100.  

32  2  Algebra & Expressions  Symbolize Addition and Subtraction  Use equations to symbolize addition 
and subtraction in real-world 
situations.  

33  2  Algebra & Expressions  Real-World Problems  Use addition and subtraction within 
100 to solve one- and two-step real-
world problems.  

34  2  Number & Operations  Addition and Subtraction Within 1,000  Use place value understanding and 
properties of operations to add and 
subtract within 1,000.  

35  2  Algebra & Expressions  Foundations of Multiplication  Use understanding of repeated 
addition and odd and even numbers 
to gain foundations for multiplication.  

36  2  Measurement, Data, & Statistics  Measuring Length  Estimate, measure, and compare 
lengths of objects to the nearest 
inch, foot, centimeter, or meter.  

37  2  Measurement, Data, & Statistics  Length Problems  Use addition, subtraction, and 
number lines to solve problems 
about length.  

38  2  Measurement, Data, & Statistics  Time  Use digital and analog clocks to tell 
and write time to the nearest five 
minutes.  

39  2  Measurement, Data, & Statistics  Money  Find the value of a group of coins or 
dollar bills, and solve problems 
involving coins or dollar bills.  

40  2  Measurement, Data, & Statistics  Graphs  Use line plots, picture graphs, and 
bar graphs to solve simple problems 
involving data.  

41  2  Geometry  Two- and Three- Dimensional Shapes  Identify two- and three-dimensional 
shapes.  

42  2  Geometry  Area by Counting  Use a partitioned shape to gain 
foundations for area concepts.  

43  2  Geometry  Fractional Parts  Use a partitioned shape to gain 
foundations for fraction concepts.  
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Sequence Grade Domain Skill Skill Statement 

44  3  Number & Operations  Rounding Numbers  Use place value understanding to 
round numbers to the nearest ten or 
hundred.  

45  3  Number & Operations  Addition and Subtraction  Use place value understanding, the 
properties of operations, and the 
relationship between addition and 
subtraction to fluently add and 
subtract within 1,000.  

46  3  Algebra & Expressions  Model Multiplication and Division  Interpret whole-number products and 
quotients. Represent products and 
quotients using models and 
expressions. [Limited to products of 
two whole numbers within 10 and 
related quotients.]  

47  3  Algebra & Expressions  Number Sentences  Determine the unknown whole 
number that makes a one-step 
multiplication or division equation 
true in mathematical and real-world 
problems. [Limited to products of two 
whole numbers within 10 and related 
quotients.]  

48  3  Algebra & Expressions  Multiplication and Division Properties  Use properties of multiplication and 
division, and the inverse relationship 
between multiplication and division, 
as strategies to multiply and divide. 
[Limited to products of two whole 
numbers within 10 and related 
quotients.]  

49  3  Algebra & Expressions  Multiplication and Division Facts  Use properties of multiplication and 
division, and the inverse relationship 
between multiplication and division, 
to fluently multiply two numbers 
within 10 and find related quotients.  

50  3  Algebra & Expressions  Real-World Problems  Use multiplication and division to 
solve one-step real-world problems.  

51  3  Algebra & Expressions  Number Patterns  Describe, generate, and extend 
number patterns in mathematical 
and real-world problems.  
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Sequence Grade Domain Skill Skill Statement 

52  3  Algebra & Expressions  Two-Step Real-World Problems  Use the four operations to represent 
and solve two-step real-world 
problems.  

53  3  Algebra & Expressions  Estimate Solutions  Use strategies such as rounding and 
compatible numbers to estimate 
solutions to mathematical and real-
world problems.  

54  3  Number & Operations  Multiply by Multiples of 10  Use understanding of multiplication 
and place value to multiply a one-
digit number by a two-digit multiple 
of 10 to solve mathematical and real-
world problems.  

55  3  Fractions & Ratios  Fractions  Use number lines and area models 
to represent fractions.  

56  3  Fractions & Ratios  Equivalent Fractions  Use number lines and area models 
to identify equivalent fractions, and 
identify fractions that are equivalent 
to whole numbers.  

57  3  Fractions & Ratios  Comparing Fractions  Use area models and understanding 
of fraction concepts to compare two 
fractions with the same numerator or 
same denominator, recording the 
comparison with <, >, or =.  

58  3  Measurement, Data, & Statistics  Time  Use analog and digital clocks to tell 
time to the nearest minute.  

59  3  Measurement, Data, & Statistics  Time Elapsed  Use addition, subtraction, and 
number line models to solve 
problems involving elapsed time.  

60  3  Measurement, Data, & Statistics  Capacity and Mass  Estimate mass or capacity, and use 
the four operations to solve one-step 
problems involving mass or capacity.  

61  3  Measurement, Data, & Statistics  Graphs  Represent data on a scaled bar 
graph, scaled picture graph, or line 
plot. Use addition and subtraction to 
answer one- and two-step questions 
about data represented in graphs.  

62  3  Measurement, Data, & Statistics  Area  Understand concepts of area. Use 
unit squares, addition, and 
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Sequence Grade Domain Skill Skill Statement 

multiplication to find the area of 
rectangles and figures composed of 
rectangles.  

63  3  Measurement, Data, & Statistics  Perimeter  Solve real-world and mathematical 
problems involving perimeter. 
Identify rectangles that have the 
same perimeter but different areas, 
or the same area but different 
perimeters. 

64  3  Geometry  Two-Dimensional Shapes  Identify attributes of two-dimensional 
shapes, and understand that shapes 
in different categories can share 
attributes.  

65  3  Geometry  Shape Partitions  Use a partitioned shape to build 
connections between fraction and 
area concepts.  

66  4  Number & Operations  Place Value  Use place value understanding to 
compare the value of digits in 
different places and to read and write 
multi-digit whole numbers in word 
form.  

67  4  Number & Operations  Expanded Notation  Use place value understanding to 
read and write multi-digit whole 
numbers in expanded form.  

68  4  Number & Operations  Compare Numbers  Use place value understanding to 
compare multi-digit whole numbers.  

69  4  Number & Operations  Rounding Numbers  Use place value understanding to 
round multi-digit whole numbers.  

70  4  Number & Operations  Addition and Subtraction  Use the standard algorithm to 
fluently add and subtract multi-digit 
whole numbers within 1,000,000.  

71  4  Algebra & Expressions  Factors and Multiples  Use algebraic reasoning to find 
factors and multiples of a number, 
and identify whether a number is 
prime or composite.  

72  4  Number & Operations  Multiplication  Use place value understanding, 
properties of operations, and models 
to multiply up to a four-digit whole 
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number by a one-digit whole 
number, or two two-digit whole 
numbers.  

73  4  Number & Operations  Division  Use place value understanding, 
properties of operations, and models 
to divide up to a four-digit whole 
number by a one-digit whole 
number.  

74  4  Algebra & Expressions  Multiplicative Comparisons  Understand multiplication as a 
comparison of two quantities, and 
solve problems involving 
multiplicative comparisons.  

75  4  Algebra & Expressions  Real-World Problems  Use mathematical reasoning, 
equations, and estimation strategies 
to represent and solve multi-step 
problems involving whole numbers.  

76  4  Algebra & Expressions  Patterns  Use algebraic reasoning and the four 
operations to identify, generate, and 
describe number and shape 
patterns.  

77  4  Fractions & Ratios  Equivalent Fractions  Identify equivalent fractions, and use 
visual models and numeric 
reasoning to explain their 
equivalency. [Limited to 
denominators of 2, 3, 4, 5, 6, 8, 10, 
12, and 100.]  

78  4  Fractions & Ratios  Compare Fractions  Use understanding of benchmark 
fractions, equivalent fractions, and 
visual models to compare two 
fractions with different numerators 
and denominators, recording the 
comparison with <, >, or =. [Limited 
to denominators of 2, 3, 4, 5, 6, 8, 
10, 12, and 100.]  

79  4  Fractions & Ratios  Adding and Subtracting Fractions  Add and subtract fractions, including 
mixed numbers, with common 
denominators. [Limited to 
denominators of 2, 3, 4, 5, 6, 8, 10, 
12, and 100.]  
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80  4  Fractions & Ratios  Multiplying Fractions  Use models and understanding of 
multiplication to multiply a fraction by 
a whole number. Identify equivalent 
fraction multiplication expressions. 
Solve problems involving 
multiplication of a fraction by a whole 
number. [Limited to fractions with 
denominators 2, 3, 4, 5, 6, 8, 10, 12, 
or 100.]  

81  4  Fractions & Ratios  Convert Fractions to Decimals  Represent fractions with 
denominators 10 or 100 in decimal 
form.  

82  4  Fractions & Ratios  Compare Decimals  Compare two decimals to the 
hundredths place, recording the 
comparison with <, >, or =.  

83  4  Measurement, Data, & Statistics  Units of Measurement  Know relative sizes of measurement 
units within the same system, and 
convert a measurement from a larger 
unit to a smaller unit. 

84  4  Measurement, Data, & Statistics  Measuring Objects  Use measurement tools with a 
number line scale to measure 
objects.  

85  4  Measurement, Data, & Statistics  Time  Solve problems involving time.  

86  4  Measurement, Data, & Statistics  Money  Solve problems involving money.  

87  4  Measurement, Data, & Statistics  Perimeter and Area  Solve problems involving perimeter 
and area of rectangles.  

88  4  Measurement, Data, & Statistics  Represent and Interpret Data  Use line plots to represent and 
interpret data.  

89  4  Geometry  Points, Lines, Rays, and Segments  Recognize and describe points, lines 
(including parallel and 
perpendicular), rays, and line 
segments, and identify them in two-
dimensional figures.  

90  4  Geometry  Angles  Recognize and describe acute, 
obtuse, and right angles, and identify 
them in two-dimensional figures.  

91  4  Measurement, Data, & Statistics  Angle Measurement  Understand concepts of angles, use 
a protractor to measure angles, and 
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use addition and subtraction to solve 
problems involving angle 
measurements in real-world and 
mathematical contexts.  

92  4  Geometry  Classify Two-Dimensional Figures  Classify two-dimensional figures 
based on angle measures, or on the 
presence or absence of parallel or 
perpendicular sides.  

93  4  Geometry  Symmetry  Identify lines of symmetry in figures, 
and create line-symmetric figures.  

94  5  Number & Operations  Multiply Whole Numbers  Use the standard algorithm to 
multiply multi-digit whole numbers.  

95  5  Number & Operations  Model Division of Whole Numbers  Use place value understanding, 
properties of operations, the 
relationship between multiplication 
and division, and models to divide up 
to four-digit dividends by two-digit 
divisors.  

96  5  Algebra & Expressions  Numerical Expressions  Use algebraic reasoning and the 
order of operations to interpret and 
evaluate numerical expressions.  

97  5  Number & Operations  Representations of Decimals  Use place value understanding to 
read and write decimals to the 
thousandths place in standard form, 
word form, and expanded form.  

98  5  Number & Operations  Comparing Decimals  Use place value understanding to 
compare decimals to the 
thousandths place, recording the 
comparison with <, >, or =.  

99  5  Number & Operations  Rounding Decimals  Use place value understanding to 
round decimals to any place.  

100  5  Number & Operations  Powers of Ten  Understand the relationship between 
adjacent places in the place value 
system. Use patterns to multiply or 
divide a number by a power of 10. 
Use exponents to denote powers of 
10.  
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101  5  Number & Operations  Add and Subtract Decimals  Use place value understanding, 
properties of operations, the 
relationship between addition and 
subtraction, and models to add and 
subtract decimals to the hundredths 
place.  

102  5  Number & Operations  Multiply and Divide Decimals  Use place value understanding, 
properties of operations, the 
relationship between multiplication 
and division, and models to multiply 
and divide decimals to the 
hundredths place.  

103  5  Number & Operations  Real-World Problems  Use the four operations to solve real-
world problems involving whole 
numbers and decimals to the 
hundredths.  

104  5  Fractions & Ratios  Add and Subtract Fractions  Add and subtract fractions with 
unlike denominators.  

105  5  Fractions & Ratios  Multiplication with Fractions  Use models, properties of 
operations, and understanding of 
multiplication to multiply a fraction or 
whole number by a fraction. 
Understand multiplication as scaling, 
and compare a product to the size of 
its factors. 

106  5  Fractions & Ratios  Division with Fractions  Interpret a fraction as division. Use 
models and understanding of 
division to divide a whole number by 
a unit fraction or a unit fraction by a 
whole number.  

107  5  Fractions & Ratios  Problem Solving with Fractions  Use the four operations to solve real-
world problems involving fractions. 
[Division problems limited to whole 
number divided by unit fraction or 
unit fraction divided by whole 
number.]  

108  5  Measurement, Data, & Statistics  Units of Measure  Convert among measurement units 
within a given system, and use 
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conversions to solve real-world 
problems.  

109  5  Measurement, Data, & Statistics  Representing and Interpreting Data  Represent fractional data on a line 
plot. Solve problems involving data 
presented on a line plot.  

110  5  Geometry  Two-Dimensional Figures  Understand and use the hierarchical 
relationship between classes of two-
dimensional figures to classify them 
based on their properties.  

111  5  Measurement & Data  Volume  Understand concepts of volume. Use 
unit cubes, addition, multiplication, 
and formulas to find volumes of 
rectangular prisms and figures 
composed of rectangular prisms in 
real-world and mathematical 
contexts.  

112  5  Geometry  Coordinate System  Understand concepts related to the 
coordinate plane, and locate and 
interpret points in the first quadrant 
of the coordinate plane to solve real-
world and mathematical problems.  

113  5  Algebra & Expressions  Number Patterns  Generate two numerical patterns 
using two given rules, identify the 
relationship between corresponding 
terms, represent corresponding 
terms as ordered pairs, and locate 
the ordered pairs on the coordinate 
plane.  

114  6  Numbers & Operations  Number Theory  Use number reasoning to find the 
greatest common factor or least 
common multiple of two numbers, 
and use these along with the 
distributive property to generate 
equivalent expressions.  

115  6  Numbers & Operations  Arithmetic with Decimals  Use standard algorithms to add, 
subtract, multiply and divide multi-
digit decimal numbers.  
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116  6  Numbers & Operations  Division of Whole Numbers  Use the standard algorithm to divide 
whole numbers, and solve problems 
involving division.  

117  6  Numbers & Operations  Division of Fractions  Use strategies to divide fractions in 
real-world and mathematical 
problems.  

118  6  Numbers & Operations  Negative and Positive Numbers  Describe, compare, and interpret 
negative and positive rational 
numbers.  

119  6  Numbers & Operations  Number Lines  Use number lines to describe and 
compare rational numbers.  

120  6  Numbers & Operations  Absolute Value  Interpret, describe, and compare 
absolute values of rational numbers.  

121  6  Numbers & Operations  Coordinate Planes  Graph points on a coordinate plane, 
calculate the distance between two 
points on a horizontal or vertical line, 
and understand the locations of 
points that have been reflected 
across one or both axes.  

122  6  Fractions & Ratios  Ratios and Ratio Language  Use ratios and ratio language to 
describe real-world quantities.  

123  6  Fractions & Ratios  Unit Rates  Use ratio reasoning to solve 
problems involving unit rates.  

124  6  Fractions & Ratios  Units of Measurement  Use ratio reasoning to convert 
measurement units.  

125  6  Algebra & Expressions  Write Expressions  Use understanding of operations to 
read and write numeric and algebraic 
expressions.  

126  6  Algebra & Expressions  Evaluate Expressions  Use order of operations to evaluate 
numeric and algebraic expressions, 
including expressions involving 
exponents. 

127  6  Algebra & Expressions  Equivalent Expressions  Use properties of operations to 
identify and generate equivalent 
algebraic expressions.  

128  6  Algebra & Expressions  Solve Equations and Inequalities  Use substitution to solve one-
variable equations and inequalities.  
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129  6  Algebra & Expressions  Symbolize Problem Situations  Write expressions with variables to 
symbolize problem situations.  

130  6  Algebra & Expressions  Number Sentences  Write and solve one-variable 
equations and inequalities that 
represent mathematical and real-
world situations.  

131  6  Fractions & Ratios  Percents  Solve percent problems.  

132  6  Algebra & Expressions  Quantitative Relationships  Use equations, tables, and graphs to 
represent quantitative relationships.  

133  6  Geometry  Area  Use area formulas and 
decomposition to find the areas of 
triangles, quadrilaterals, and 
composite figures.  

134  6  Geometry  Surface Area and Volume  Use nets to represent prisms and 
pyramids, and find the surface area 
and volume of prisms and pyramids.  

135  6  Geometry  Coordinate Geometry  Use coordinate graphs to find side 
lengths and areas of polygons.  

136  6  Measurement, Data, & Statistics  Statistical Analysis  Recognize statistical questions, and 
use measures of center and 
variability to describe the distribution 
of data gathered from a statistical 
question.  

137  6  Measurement, Data, & Statistics  Graphing and Interpreting Data  Use graphs to display and interpret 
numerical data.  

138  7  Numbers & Operations  Properties of Addition and Subtraction  Use properties of operations to add 
and subtract positive and negative 
rational numbers, and represent 
these operations on number lines. 
Understand real-world and 
mathematical additive inverses.  

139  7  Numbers & Operations  Properties of Multiplication and Division  Use properties of operations to 
multiply and divide positive and 
negative rational numbers in real-
world and mathematical problems, 
and represent these operations on 
number lines. 
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140  7  Numbers & Operations  Compute with Rational Numbers  Add, subtract, multiply, and divide 
positive and negative rational 
numbers.  

141  7  Numbers & Operations  Single-Step Real-World Problems  Add, subtract, multiply, and divide 
positive and negative rational 
numbers in real-world problems with 
and without models.  

142  7  Fractions & Ratios  Ratios and Proportions  Use ratios and proportions to solve 
real-world and mathematical 
problems.  

143  7  Fractions & Ratios  Percents  Use proportional reasoning to solve 
real-world multi-step percent 
problems.  

144  7  Fractions & Ratios  Unit Rates  Solve problems with unit rates 
computed from verbal descriptions, 
graphs, tables, and equations, and 
understand graphs of proportional 
relationships.  

145  7  Fractions & Ratios  Proportional Relationships  Use proportional reasoning to decide 
whether two quantities are in a 
proportional relationship, and create 
equations and analyze graphs of 
proportional relationships.  

146  7  Algebra & Expressions  Linear Expressions  Use properties of operations to find 
equivalent forms of linear algebraic 
expressions with rational 
coefficients, and use equivalent 
forms to help interpret parts of an 
expression.  

147  7  Algebra & Expressions  Multi-Step Real-World Problems  Use properties of operations to solve 
multi-step real-world problems with 
rational numbers.  

148  7  Algebra & Expressions  Symbolize and Solve Equations  Write and solve one-variable linear 
equations that represent real-world 
situations.  

149  7  Algebra & Expressions  Symbolize and Solve Inequalities  Write and solve one-variable linear 
inequalities that represent real-world 
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situations, and graph solutions on a 
number line.  

150  7  Geometry  Triangles  Describe and classify triangles with 
given conditions.  

151  7  Geometry  Angles  Use knowledge of supplementary, 
complementary, vertical and 
adjacent angles to find unknown 
angle measures in a figure.  

152  7  Geometry  Circles  Use formulas for area and 
circumference of a circle to solve 
real-world and mathematical 
problems.  

153  7  Geometry  Area, Surface Area, and Volume  Use formulas for area, surface area 
and volume to solve real-world and 
mathematical problems in two- and 
three-dimensional composite figures.  

154  7  Geometry  Three-Dimensional Figures  Describe and classify two- and three-
dimensional figures with given 
conditions, and describe cross 
sections of three-dimensional 
figures.  

155  7  Geometry  Scale Drawings  Use proportional reasoning to solve 
problems involving scale drawings of 
geometric figures.  

156  7  Measurement, Data, & Statistics  Sampling Analysis  Understand sampling methods in 
surveys and experiments, and make 
valid generalizations about a 
population using measures of center 
or variability of a sample.  

157  7  Measurement, Data, & Statistics  Central Tendency and Variability  Use measures of central tendency 
and variability to compare datasets, 
and use these measures to make 
inferences about a population.  

158  7  Measurement, Data, & Statistics  Probability  Use probability to describe the 
likelyhood of an event. Calculate the 
theoretical or experimental 
probability of a simple or compound 
event, and use it to make 



Page 48 

 

Sequence Grade Domain Skill Skill Statement 

predictions. Use tables, lists and tree 
diagrams to represent sample 
spaces.  

159  8  Numbers & Operations  Real Numbers  Identify rational and irrational 
numbers, find the decimal expansion 
of a fraction, and convert a decimal 
expansion to a fraction.  

160  8  Algebra & Expressions  Exponential Expressions  Use the properties of integer 
exponents to generate equivalent 
expressions.  

161  8  Algebra & Expressions  Square and Cube Roots  Find the solutions to simple one-
variable quadratic and cubic 
equations, and evaluate perfect 
squares and perfect cubes.  

162  8  Numbers & Operations  Rational Approximations  Use rational approximation to 
compare irrational numbers, and 
estimate the location of an irrational 
number on a number line.  

163  8  Algebra & Expressions  Scientific Notation  Convert between and use scientific 
notation and standard form to 
estimate and compare quantities, 
and perform operations on numbers 
written in scientific notation and 
standard form.  

164  8  Algebra & Expressions  Proportional Relationships  Use tables, graphs and equations to 
represent, interpret and compare 
proportional relationships. Use 
similar triangles to find slope of a 
non-vertical line in the coordinate 
plane, and represent lines in the 
coordinate plane with equations in 
slope-intercept form.  

165  8  Algebra & Expressions  Solving Linear Equations  Determine the number of solutions in 
a one-variable linear equation, and 
solve one-variable linear equations 
with rational number coefficients.  

166  8  Algebra & Expressions  Systems of Equations  Find the solution to a system of 
linear equations algebraically and 
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graphically in real-world and 
mathematical problems, and 
describe the number of solutions to a 
system of linear equations.  

167  8  Functions  Functions  Determine if a set of ordered pairs, a 
table, a graph, or an equation is a 
relation and/or a function. Compare 
properties of functions represented 
in different ways.  

168  8  Functions  Linear vs. Nonlinear  Determine if a function represented 
by an equation, graph, table or 
verbal situation is linear or non-
linear, and describe functions 
qualitatively.  

169  8  Functions  Linear Relationships  Write linear equations in two 
variables to represent real-world 
situations, and interpret properties of 
the linear relationship that it models. 
Describe behaviors of graphed linear 
or non-linear functions.  

170  8  Geometry  Object Transformations  Perform transformations of two-
dimensional figures in the coordinate 
plane with translations, rotations, 
reflections, or dilations.  

171  8  Geometry  Similarity and Congruence  Recognize when translations, 
rotations, reflections, or dilations of a 
two-dimensional figure produce a 
similar or congruent figure. Use 
angle-angle criterion to determine 
when two triangles are similar.  

172  8  Geometry  Angles and Lines  Solve problems involving the interior 
and exterior angle measures in 
triangles and the angles formed 
when parallel lines are cut by a 
transversal.  

173  8  Geometry  Pythagorean Theorem  Use the Pythagorean Theorem to 
find missing side lengths in right 
triangles in real-world and 
mathematical problems in two- and 
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three-dimensions and to find the 
distance between two points in the 
coordinate plane.  

174  8  Geometry  Volume  Use formulas to find the volume of 
cones, cylinders and spheres in real-
world and mathematical problems.  

175  8  Measurement, Data, & Statistics  Scatter Plots  Construct scatter plots to represent 
bivariate data, and recognize and 
interpret patterns of association 
between two quantities.  

176  8  Measurement, Data, & Statistics  Best-Fit Linear Models  Use and interpret a line of best fit to 
describe the relationship between 
two quantities on a scatter plot.  

177  8  Measurement, Data, & Statistics  Two-Way Tables  Recognize, interpret, and complete 
patterns of association between 
quantities displayed in a two-way 
table.  
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